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Measure of Similarity between Interval-Valued Fuzzy
Numbers Based on Standard Deviation Operator

Shi-Jay Chen, Hsiao-Wei Kao

Abstract— In decision-making processes, evaluations of
parameters or variables often involve real-world problems
represented by interval-valued fuzzy numbers. This study
proposes a novel similarity measurement method based on the
standard deviation operator to address limitations in existing
approaches for measuring similarity between interval-valued
fuzzy numbers. The theoretical properties of the proposed
similarity measure are systematically demonstrated. To validate
its effectiveness, the proposed method is compared with existing
similarity measures using 17 sets of interval-valued fuzzy
numbers. The comparison results show that the proposed
method outperforms existing methods in terms of accuracy and
applicability.

Index Terms— Interval-Valued Fuzzy Numbers Similarity
Measure, Standard Deviation.

I. INTRODUCTION

Interval-valued fuzzy numbers (IVFNS) play a critical role
in various domains due to their capacity to represent
uncertainty. Guijun et al. [16] comprehensively described
IVFNs and extended their operations, while Wang and Li [19]
introduced the correlation coefficient for 1VFNs and
discussed its properties. Lin [18] utilized IVFNs to model
vague processing times in job-shop scheduling problems, and
Yao and Lin [18] applied IVFNs to construct a fuzzy
flow-shop sequencing model with unknown job processing
times. Hong and Lee [17] developed a distance measure for
IVFNs, and Wei and Chen [21] proposed a similarity measure
for IVFNs to address fuzzy risk analysis problems.
Collectively, these studies highlight the versatility of IVFNs
in solving real-world problems.

Numerous methods have been proposed to measure the
degree of similarity between IVFNs [6], [8], [10], [12], [21].
However, existing similarity measures often exhibit
limitations, such as their inability to accurately assess the
similarity between certain IVFNs under specific conditions.
To address these issues, this study introduces a novel
similarity measure for IVFNs based on the standard deviation
operator. The proposed measure overcomes key limitations in
existing methods and demonstrates improved accuracy and
reliability.

The properties of the proposed similarity measure are
systematically analyzed, and its performance is compared
against five established methods [6], [8], [10], [12], [21]
using 17 sets of I\VFNs. Comparative results reveal that the
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proposed measure effectively addresses the shortcomings of
existing approaches, further underscoring its potential for
broader applications.

I1.PRELIMINARIES
We briefly reviews the definitions of the generalized
trapezoidal fuzzy number [2], [3], the interval-valued fuzzy
set [14], the interval-valued fuzzy number [19] and some
existing similarity measures of interval-valued fuzzy numbers
(6], [8]. [10], [12], [21].
Chen [2], [3] definitions a generalized trapezoidal fuzzy

number by A =(ay,azas,as W; ), where 0 < wy <1,0<a<
ax<az< as <1, and a1, a,, as, and as denote real numbers.
Chen and Chen [4] presented the Simple Center of Gravity

Method (SCGM) to calculate the COG points of generalized
trapezoidal fuzzy numbers. Assume that there is an

generalized trapezoidal fuzzy number A= (av,az,a3,a4; wy),
the two values y; and x; of the COG points of generalized

fuzzy number A calculated as follows:

ag-a
wp x( 32 2)
ag-aq . -
y;\*= s . ifag#agand0<wp <1,
- ifag =ag and 0 <wp <1,
X%\: ya(@3+a)+(ag+a)(wy -y,) . @)
2wy

Hong and Lee [17] indicate that an interval-valued fuzzy
set C defined in the universe of discourse X by

C={(x. L5 (9., g (D 1x< X3,

where 0 <L < ¥ (< 1 and the membership grade xc (x) of

an element x belongs to the interval-valued fuzzy set C is
represented by an interval u(0= [, 421, where 0

Sute < < 1 and the membership grade (9 of an

element x belongs to the interval-valued fuzzy set C is
represented by an interval u-(0=[u5(), 12 (4]

Yao and Lin [22] pointed out that if Al = (af, af, af,
azll‘; WEL)andiU =(a¥, aLZJ, ag , ag ; W;U ),Where alLS aIZ‘S
ab<al, V<l <a <a) ,0<w. <1,0<w- <1, and

AL AU, then the interval-valued trapezoidal fuzzy number

A=[AL, AV ] =[(al, af, ab, ak; WXL),(ai", ay, ay , ay ;

W= )],as shown in Figure. 1.
A
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Figure.1. Interval-valued trapezoidal fuzzy number A.

Figure. 1 displays that aL and AY denoted as two elements

of the interval-valued trapezoidal fuzzy number A, where Al
is named “lower trapezoidal fuzzy number” , and aY is
named “upper trapezoidal fuzzy number” . From Figure.l,
the two elements al and AU of the interval-valued

trapezoidal fuzzy number A can be regarded as two different
generalized fuzzy numbers Al and A , where Al :(alL, ay,

), &Y =( Y

L U U

L.
a3,a4,w;L ,az,a3,a4, )|f al,
aIZ‘ZaLZJ, aé‘ ag" , azll‘:al;lJ and W"i :W; —W~ , then the

interval-valued trapezoidal fuzzy number A can be regarded

as a generalized trapezoidal fuzzy number, denoted as A=
(a1, a2, as, as; w; ).

Chen and Chen [6] presented a similarity measure
between interval-valued trapezoidal fuzzy numbers. Consider

two interval-valued trapezoidal fuzzy numbers Aand B.
The degree of similarity S( A, 8 ) between the interval-valued

trapezoidal fuzzy numbers A and B can be calculated as
follows:

ié) ‘/S(AL BL)XS(AU BU) (3)

where sat,8l) and saY.8Y) are calculated by formulae (4)
and (5),

. 1/2
s(al BLy= (172:1{-7 ‘/1) - x/1 7x’éL) x
i=
min(y= .y=,)
—a 2 4)
max(y%, v5,)
a , 1/2
s(AY BY) - (1—Zl:aiu —biu‘/l)x(l— x} xgu) «
i=
mm(y~U y u)
—a 5 5)
max(ygu ’yé‘u)
where i =1,2,3,4, S(A, B )€[0, 1], x;é\L and y%‘l_ denote the

COG point of the lower trapezoidal fuzzy number. According
to formulas (1) and (2), x’/.i.L and y;E\L can be calculated as

follows:

28

L L
an -a
- 3 72
WRLX(azll"alL”) L,.L
y;L: 5 . ifar=a, and0<wiL <1, (6)
w=
—'; ifalL:a!“ atnd0<w'§L <1,
L VGlagrap@granwr -yz)
X= A-_A @)
AL ZWZ\L
In the same way, X and v, can be calculated by

formulas (1) and (2). The larger the value of S(f\, §), the
greater the similarity between the interval-valued fuzzy

numbers A and B .
Chen [8] presented a similarity measure between
interval-valued trapezoidal fuzzy numbers. The degree of

similarity S( /i, B )between the interval-valued trapezoidal

fuzzy numbers A and B can be calculated as follows:

S( Xé ‘/S(AL BL)xS(AU BU) ©)]

where sal.8l) and saY,8Y) are calculated by formulae
(9) and (10),

= = 4 min(y=, ,y=, )
s(abBb)= zdn(z—aiL—biL‘) “1x—ALTBE - (g)
i=1 max(y:L,y:L)
J ALl'’B
- min(y=, . v,)
saY BY)= H(z —bU‘ x— A B (10)
. max(y= AU y u)

e [0, 1], s@aY.8Y) e [0, 1], and
S(a,B)el0,1],i=1,2,3,4.. The values yEL’ y;u , y§L
and y*éu are calculated by formula (1). The larger the value

where s(abBl)

of S( AL B ), the greater the similarity between the
interval-valued fuzzy numbers Aand B.

Wei and Chen [21] presented a similarity measure
between interval-valued trapezoidal fuzzy numbers. Their
method combines the concepts of geometric distance, the
perimeter, the height and the COG points of interval-valued
fuzzy numbers to calculate the degree of similarity between
interval-valued trapezoidal fuzzy numbers. The degree of

similarity S( A, B )between the interval-valued trapezoidal

fuzzy numbers A and B can be calculated as follows:

{
X[l

1

s(Ab,BY)+s(aY,BY

5 :

142t
) x (1—AX) x (1- Ay)

i

(11)

W,&U —W=

BU W;\ +W=

BL
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where saL 8L) e [0, 1], sV .8Y) e [0, 1], and S (A, B)
e[0, 1]. The values s(at.84), s(aY,8Y), Ax and Ay can be
calculated as follows:

4
L_,L
S i

=

4

e (12)

min(L(;L)’L(gL)Jmein(w;L,WgL) £ min= W= )0

x SN o ! mm(wﬂ"’wﬁ")i

max| L(AL),L(BL) +maX(WAL,W§L)

. otherwise

4

S

o=t

4

- 13
s(aY,8Y)- ”

min{L(KU )L(@BY )J+min(w;u,wgu) R
x = = i i S mln(w;U,WEUH
max| L(A~),L(B™) +mz:1><(w/—\U ’Wgu)

0, otherwise
ook, U il SU SL
Ax = x'&—xg‘, if A(A¥)—-A(A-)=0and A(B~)-A(B~)=0 (14)
0 otherwise
x| e AU L U ZL
Ay = ‘y'&—yg‘, if A(A¥)—A(A-)=0and A(B¥)-A(B-)=0 (15)
0, otherwise
where
L(XL) - J(ajl-_ 7a|2-)2 +W2;L +J(a:|,)‘ —a[ll-)z +W2;L +
(ag —a5)+(ag —af) . (16)

In the same way, the values L(aY ), L(&"), and L(8Y ) can be
calculated using formula (16).The values aal) and AaY)
denote the areas of the lower trapezoidal fuzzy number AL

and the upper trapezoidal fuzzy number AY . and be
calculated as follows:

=y, (@ —a3)+@y -ap)
AAYy- 372 ; 4 "% wz (17)
- L .L L_.L
A(AL):MXW"‘ . (18)

2 AL

In the same way, the values A( 8L ) and A( 8Y )can be
calculated using formulas (17) and (18). The values x}\ and

y’;:\ denote the COG point of the interval-valued fuzzy

number A, and are calculated as follows:

= * = *
AAY "oy - A(AL)x;L

x. = - Jif AGAY)— AAL) £ 0 19
“A AAYY— AL (19)
0, otherwise
A(;U )y’; - A(il‘)y’; ~ -
e = A? A" it AAY) - A(AL) 20 (20)
A

AAYY— AAL)
0, otherwise

The values x;é\u , x%\L , y;E\U , y;é\L , aaYy, and aab) are

calculated by formulas (6), (7), (17), and (18). Similarly, the
two values x’é and y’é denote the COG point of the

interval-valued fuzzy number B can be calculated as

formulas (19) and (20). The larger the value of S( A , E), the
greater the similarity between the interval-valued fuzzy

numbers A and B .

Chen and Chen [12] presented a similarity measure
between interval-valued trapezoidal fuzzy numbers. This
method considers the similarity of the gravities on the X-axis
between upper fuzzy numbers, the difference of the spreads
between upper fuzzy numbers, the heights of the upper fuzzy
numbers, the degree of similarity on the X-axis between
interval-valued fuzzy numbers, and the gravities on the Y-axis
between interval-valued fuzzy numbers. The degree of

similarity S( A, E) between the interval-valued trapezoidal
fuzzy numbers A and 8 can be calculated as follows:

W;U - Wéu

S(A.B) = — JxSx(X,E)XSy(;,é), 21
1+5TDY (AY ,BY) @)

where S( A, B ) [0, 1]. sg{(/iUEU) , sx(f\,é) , Sy(;,é) ,

stV (aY,8Y) can be calculated as follows:

sY(AY gYy_q_ il y 7 (22)
4
>l -ab- e -5
Sy (A,B)=1-=L 7 , (23)
Sy (AB)=1-ly=-yz/, (24)
s1oV (U 8Y) - fsTo=,, —s7Dz, (25)

where s%’((f\U,EU) e[0, 11, sx (A.B) €[0,1], sy (A.B) [0, 1], i
=1,2,3,4.. The value y; is calculated as follows:

w= Jif AY —al
AU

V2] V5o < AR ) vz D) (26)

- - it AY 2 AL
aAY) - aaly
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The values y=; , vz, , aAY), and aAl) are calculated by

formulas (1), (17), and (18).In the same way, the value E

can be calculated using formula (26). The value stp=,
A

denotes the standard deviation of the upper trapezoidal fuzzy
number aY :

STD= ’ (27)
where
4
2
i;u = i:14 (28)
where i =1, 2, 3, 4. In the same way, the value sTDZ, can be

calculated as formulas (27) and (28). The Iarger the value of

S(A B) the greater the similarity between A and g.

Chen [10] proposed a similarity measure for
interval-valued trapezoidal fuzzy numbers using the
geometric-mean operator. This method calculates the distance

values Aa; on the X-axis between the lower and upper

bounds of trapezoidal fuzzy numbers AL and AY for each
interval-valued trapezoidal fuzzy number A Subsequently, it
determines the degree of similarity S( AL 82) based on the
calculated distance values Aa; and Ab; of the two

interval-valued trapezoidal fuzzy numbers A and 6. The
overall degree of similarity S( A , B ) between the

interval-valued trapezoidal fuzzy numbers A and B .is
computed as follows:

s(AY, EU){usuiA, éA)}

- g (29)

>n
w
-

S(A,

where S(A,8) e [0, 1]. S(a%,82) and S(aY , 8Y ) can be
calculated as follows:

S(A:\A, §A) =

WBL

Aaj — Ab;

PP -1 x[l w=

where i =1,2,3,4 and S(a%,84) e [0, 1]. Calculate the
distance values Aa; on the X-axis between the lower and

4
[ Ie-
i=1

] (30)

upper trapezoidal fuzzy numbers AL and AY of the

interval-valued trapezoidal fuzzy number A shown as
follows:

Aaj = aiU —aiL ) (31)

where i=1,2,3/4. In the same way, the distance values Abi on the X-axis

between the lower and upper trapezoidal fuzzy numbers 8- and 8Y of
the interval-valued trapezoidal fuzzy number B can be calculated as
formulas (31). The value S( AY , BY ) denotes the degree of similarity

between the upper trapezoidal fuzzy numbers AY and BY as follows:

[Tep

where S(aY ,8Y) e [0, 1], where i =1,2,3,4. The larger the
value of S( A, B ) the greater the similarity between
interval-valued trapezoidal fuzzy numbers a and & .

min(w=

)
ﬁ, (32)

saY,8Y) -
max(w W )
AV BY

_bU‘

11l. NEw METHOD FOR CALCULATING THE DEGREE OF SIMILARITY BETWEEN
INTERVAL-VALUED TRAPEZOIDAL FUZZY NUMBERS

In this section, we propose a new similarity measure
calculate the degree of similarity between interval-valued
trapezoidal fuzzy numbers, and we explicate some properties
of the proposed method. Let U be the universe of discourse,
U= [0, 1]. Consider two interval-valued trapezoidal fuzzy

numbers A = [AL,aY] = [(ab, af, ab, af; W:L), (¥, Y,

[8L,8Y] = [(bt, oL bl ;

20 by

u _uU- -
a3,a4,wiu)]andB— 3

L), (bf, blzJ, by b‘L‘J;Wgu )], where 0 <al < a} <

between interval-valued trapezoidal fuzzy numbers can be
calculated for the proposed method presented as follows:

Stepl: Calculate the distance values aa; on the X-axis between the lower

and upper trapezoidal fuzzy numbers AL and AU of the
interval-valued trapezoidal fuzzy number A shown as follows:
U L (33)

Aaj = oy —aj|,

where i =1,2,3,4. In the same way, the distance values ab; on
the X-axis between the lower and upper trapezoidal fuzzy
numbers gL and 8Y of the interval-valued trapezoidal
fuzzy number é can be calculated as formula (33).

Step2: Calculate the degree of similarity S( a2, 52 ) between the
distance values aa; and ap; of the two interval-valued

trapezoidal fuzzy numbers A and g as follows:

g(Aa' 0 AS, - AS
S(IAA B )_ —:lfxl— |a—b><

2

AL gL
A B (34)

W = + Wz
AY gy

where i =1, 2, 3, 4 and S( AL 82) e [0, 1] and ASa
denotes standard deviation between the lower and
the upper trapezoidal fuzzy number a- and aY of
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interval-valued trapezoidal fuzzy number a shown
as follows:

Asa:S;U _S;L y (35)

where S;U and S;L can be calculated as follows:

4 U
Y -a )
- _,4d=l
SAU7 n-1 ' (36)
4 L _L
Y -a)
i=1
s (37)

where aY denotes average of upper trapezoidal fuzzy
number AV , and al denotes average of lower
trapezoidal fuzzy number AL In the same way, the
value ASy can be calculated as formulas (35), (36)
and (37).

Step3: Calculate the degree of similarity S (aY , 8Y ) between
the upper trapezoidal fuzzy numbers aY and BY as

follows:
4 2
o J_z[aP —biU) =, -5z,
S(aY,8Y)=|1-1= | PN A
2 2
min(w/;_\-\U ,WEU) (38)
max(w/?\U ,WEU)

where S (aY,8Y) e [0, 1].

Step4: Calculate the degree of similarity S( /i, E) between
the interval-valued trapezoidal fuzzy numbers A and
g as follows:

- AU 5U AA BA
S(A, B ) — S(A B )X(21+S(A ,B )) | (39)
where S( /i, E) e [0, 1].The larger the value of
S( A, B ) the greater the similarity between

interval-valued trapezoidal fuzzy numbers Aand 5.
The proposed similarity measure between interval-valued
trapezoidal fuzzy numbers has the following properties:

Property 3.1: Two interval-valued trapezoidal fuzzy
numbers A and B .are identical if and only
ifS(a,B)=1.

Proof:

(i)If A and & .are identical interval-valued trapezoidal fuzzy
numbers, then

Lol L=yl .Leil L= L U=pU .U=.U
8 =bp, ay=by, ay=by, ay=by, ap =by, a; =by,

ag :bg, ag:bhj, W;L:W: and W~ =w~ .

B- AY BY

According to formula (33), the distance values aaj and ab;
between the two interval-valued trapezoidal fuzzy numbers
A and g are identical, i.e. Aaj = Ak, Where i =1, 2, 3, 4.
According to formula (34), (35), (36) and (37), the degree
of similarity S( AL gA )between the distance values aa; and
ab; of the two interval-valued trapezoidal fuzzy numbers A

and 8 , and the degree of similarity S(a¥ , 8Y ) between the

upper trapezoidal fuzzy numbers aY and BY can be
calculated as follows:

~ - 4 _
S(as,58)= | abasaf | s S| | e e
1- 2 x|1 x[1—
2 - -
0 0]
e fo] )l
2 2
W3 W3
=1x1x1=1.
= = TR
- _~ — 7b _ _ -~ .
S(aY,8Y)= .i{a' P PRU TS| | minwz, ey)
1- 2 x[1—
2 max(w;U ,wéu)

Therefore,

~ = :U:UX :A:A
S(A,B):S(A ,BY) (21+S(A ,B7))

=1
(ii)lfs(i, §)=1,then S(;U ,EU):land S(;A,EA): 1.
According to formula (38), if S(a”,8") = 1, then

S S

s(0, 80y =)yl i

o ;U - EU min(w;U ,wéu)
2
2 max(w;U ,WE:;U)
=1.
It’s express that a’ =bY ,s=y =s=y ,w= =w- , Where i
A B AV guY

=1, 2, 3, 4. Hence, the upper trapezoidal fuzzy numbers
AY and 8Y are identical. According to formula (34), (35),
(36) and (37), we knows that if S(a2,82) =1, then

g:(Aai —Abi)2 W~ —w=~
= = i AS, —AS ‘ Al rL
S(ar,gr) = I xl—v Gl N M PO
2 < we
W'&U +W§U
=1
It’s express that aaj = abj , AS;=asp and w- =w- , where i
A

=
gL

=1, 2, 3, 4. According to formula (33), because as; is equal to
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ab and &Y is equal to biU , a- must be equal to b, where i
=1,2,3,4.

Based on (i) and (ii), the interval-valued trapezoidal fuzzy
numbers A and B are identical.
Property 3.2: S(A,B8)=S(B,A).
proof: Based on formula (39),
5( i g) _ s(AY,BY)xa+s(a% BY) ,

2
s@” AY)xaisEt A%Y)
= = ) x(1+ )
S(B,A)= ,
2
where
4
- iEl(Aai—Abi)2 |ASa—ASb| AL TYEL
S(a%,B4)=|1- 5 x|1- x|1-
2 - -
WAU +W§U
1
4
2
Ab; — Aaj -~ —W~
N e N
S(BA, A2)=1- > x|1- x|1-
2 W= | +wz
gU Al
1
u_u
_ El[ai by ] min(=,; W=, )
S(aY,gY )=[1-1= > x|1- «— A~ B
max(wz, Wz, , )
AV’ gy
)
4 2
u_.u e _
- - El(bi g ] Séu *S;U min(wz ;W= )
S(sY, AY )=|1- > x|1- BZ A
2 max(wz, Wz, )
gU' AV
]
2 2 2 2
where (Aai—AbiJ =(Abi—Aai) , (aiu —biu) = [blu —aiuj
|ASa—ASb|:|ASb—ASa| : S2y ~Szu|-[55u S5 ,
Wz, —-Wzx =Wz, —w= W=, +Wx =[W=Z ) +W5S,
AL BL BL AL ' AU BU BU AU '
minwz,, ,w=,,) minwz=  ,wz )
aY gy gY AV

= and i =1, 2, 3, 4.. Hence,

max(wz, , Wz, ) max(wz,
AV gY gY

wx )

AU
S(al,gL)=S(8L, al)and S(AY ,8Y ) =S(8Y,aY).
Property 3.3: If A and 5 be real values between zero and
one. Where A =aand 5 =b, thenS(a,5)=1—|a—b].

Proof : If A and 5 be real values, then

A =[(af, ab, ok, ab; W;L),(ay, Y, Y, Y )

[(a, a4 a1),(aaaal)

(a,a,aa;1)
=a,

B =[(b", by, b},

=[(b, b, b, b; 1), (b, b, b, b; 1)]

L- U U U U .
b4,W§L),(b , b3, by, b4,wéu)]

=(b,b,b, b; 1)
=h.

Whenw. =w-. =w- =w- = 1. Based on formulas (34) and
At Bt AY BY
(38), we can know

_ _ _;j(Aai—Abi)z |AS ZAS W:L —W:L
S(;A,éA): 1- = 5 xl—v 2 b x[1- A B
2 -
W;U +W§U
—{1£}{1JH}X IH}
2 2 2
=1.
u_ U
. izl(ai -by ] S/?\U 8z, mingw= W)
S(aY,gY )=|1- 1= > x|1- «— A" B
v 2 max(w~U WEU)
) { ‘/ﬂ
=]l-—[x|1- |—= |x1
2 2
2la-b]
= 1M1—l|ab|.
2
Therefore,
S(A.5)= s(AY, BY)xa+sA2,BY))
! 2
1-|la—bx(1+1)
2
=1-[a-b|. Q.E.D

Assume that there are two interval-valued trapezoidal fuzzy
numbers A and B,

=[(0.3,0.35,0.45,0.5; 0.8), (0.1,0.25,0.55,0.7; 1.0)],

8 =[(0.25,0.3,0.4,0.45; 0.8), (0.05,0.2,0.5,0.65; 1.0)].
The degree of similarity between the interval-valued

trapezoidal fuzzy numbers a and B is calculated as follows:

[Step 1] Based on formula (33), the distance values aa; on
the X-axis between the lower and upper
trapezoidal fuzzy numbers ab and AY of the
interval-valued trapezoidal fuzzy number A are
calculated as aa =0.2, aap=0.1, aaz=0.1, and aay
= 0.2. In the same way, the distance values
A =0.2, aby=0.1, abz=0.1, and aby =0.2.

[Step 2] Based on formula (34), the degree of similarity
S( iy E:;A) between the distance values asj and an;
of the two interval-valued trapezoidal fuzzy

numbers A and B can be calculated as follows:

S(3,54) =) Jm { oo | |
g s

W=, —-wz
AL Bt

2
2 w

et + Wz,
AU gy
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2

|os 08|
=
=1x1x1
=1
where as, and as, be calculated by formulas
(35),(36) and (37).
[Step 3] Based on formula (38), the degree of similarity
S(AY , 8Y ) between the upper trapezoidal fuzzy
numbers AY and 8Y can be calculated as follows:

4 2
i=1

L
S(aY,BY )=|1- . x|1-)

Y02 402 +02 4+ 02 [0.1826-0.1826
=|1- X l*v 7 x

Sz, -S
AU

minfwz, Wz, )

BY PO

2 max(wz, Wz, )
AV gy

2

{ 0.2739-0.2739 } 1

1- |[——mm8 | x—
\l 2

1

=0.95.
where s;u and s;u be calculated by formula (36).

{1 J0.052 0,052 + 0,052 + 0,052 }
= —_ X

[Step 4] Based on formula (39), the degree of similarity
S(A A B) between the interval-valued trapezoidal

fuzzy numbers A and & can be calculated as
follows:
S(A.5)= s(AY,BY)x(1+s@” BY)

' 2

— 0.95x(1+1)
2
=0.95.
Therefore, the degree of similarity between the

interval-valued trapezoidal fuzzy numbers A and B is 0.95.

IV. COMPARING EXISTING METHODS WITH THE PROPOSED
SIMILARITY MEASURE

In this section, we compare the proposed similarity measure
with five existing similarity measures [6], [8], [12], [21], [10]
using 17 sets of interval-valued fuzzy numbers, as illustrated in
Figure 2. Some of these sets are derived from prior studies [6],
[8], [12], [21], [10]. Generally, the degree of similarity between
two interval-valued fuzzy numbers is determined by three
factors: the similarity of the shapes and spreads of their
membership functions, the relative distance between the two
fuzzy numbers, and their alignment in fuzzy number ranking
problems [11]. Parts of the 17 sets of generalized fuzzy
numbers are sourced from [6], [8], [12], [21], [10], while others
are extensions of Sets 16 and 17. These sets are constructed
based on the aforementioned criteria.

Table | presents the calculation results for all five
similarity measures. Both Table I and Figure 2 reveal that the
existing similarity measures [6], [8], [12], [21], [10] exhibit
certain limitations, which are described in detail below:

33

(1) In Set4 of Figure 2, the two interval-valued fuzzy numbers
A and ¢ are more S|m|Iar than the two interval-valued
fuzzy numbers A and B, because the shapes of the latter
two differ more than those of the former two, and the
relative distance between the former two is the same as
that between the latter two. However, Table | shows that
the methods of Chen and Chen [6], Chen [8], and Wei and
Chen [21] vyield an incorrect result that the two
interval-valued fuzzy numbers a and 8 are more similar
than the two interval-valued fuzzy numbers A and ¢ .

(2) In Set 5 of Figure 2, the two interval-valued fuzzy
numbers A and B are more similar than the two
interval-valued fuzzy numbers A and ¢, because the
shapes of the latter two are more different than those of
the former two, and the relative distance between the
latter two is the same as that between the former two.
However, Table I indicates that applying Chen’s method
[8] yields the same degree of S|m|Iar|ty (ie, S (A 8 )=
S(a,c) for the two sets (A B) and (A ¢) of these
interval-valued fuzzy numbers A, 8 and ¢.

(3) In Set 6 of Figure 2, the degrees of similarity S (A, 8 ) and
S (a,c) of the two sets of interval-valued fuzzy numbers
(A,8)and (a,c) are different. However, Table | shows
that Chen’s method [8] yields the same degrees of
similarity for the two sets (A, B8 ) and (a,c) of
interval-valued fuzzy numbers A, 8 and c.

(4) In Set 7 of Table I, the degree of similarity between the
interval-valued fuzzy numbers A and ¢ cannot be
correctly calculated using Chen and Chen’s Method [12],
because the denominator we of formula (7) would

become zero, producing the incorrect result W = oo,

Furthermore, in Set 7 of Figure 2, the degree of similarity
S(a,c) is not zero. However, Table | indicates that
Chen’s method [8] yields an incorrect result S(a, ¢ )= 0.
(5) In Set 8 of Table I, the degrees of similarity S ( A , g ) and
S (a,c) cannot be correctly calculated using [12] because
- and we in formula (7) are zero, yielding the incorrect

W=

results x3, = oo and xX, =o. The S (A, B) cannot be
A B

correctly calculated using Chen’s method [8], because the
denominator max(y%, ,y=, ) informula (9) becomes zero,
A B

producing the incorrect result S( a Y & b) .
Additionally, in Set 8 of Figure 2, the degree of similarity
S (a,c) is not zero. However, Table | indicates that the
methods of Chen’s method [8] yields an incorrect result S

(a,c)=0. The degrees of similarity S (A B ) and
S(a,c )of the two sets of fuzzy numbers (A, B ) and

(&,c) are different. However, Table | demonstrates that
Chen and Chen’s method [12] ylelds the same degree of

S|m|Iar|ty for the two sets (A B) and (a,c) of fuzzy
numbers A, & and¢ .
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Fig. 2. The 17 sets of interval-valued fuzzy numbers.[10]
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TABLE | Comparison of the Calculation Results of the Proposed Similarity Measure and the Existing Methods

Chen and Chen’s Chen’s Method Chen-and-Chen’s Wei-and-Chen’ s Chen’s Method The Proposed
Method [6] 8] Method [12] Method [21] [10] Method

S(A,B) |S(A.C) [S(A,B) |S(A,C) |S(A,B) |S(A,C) |S(A,B) [S(A.C) [S(A,B) [S(A,C) | S(A.B) | S(A.C)
Setl 0.8 0.3647 0.8 0.3919 0.8 0.4115 | 0.8618 0.681 0.8 0.444 0.798 0.4575
Set 2 0.8367 | 0.8367 | 0.8367 | 0.8367 0.7 0.7 0.9386 | 0.9386 | 0.874 0.874 0.8677 | 0.8677
Set 3 0.8944 | 0.4472 | 0.8944 | 0.4472 | 0.9983 | 0.9814 | 0.9668 | 0.8475 0.95 0.8 0.975 0.9
Set 4 0.6928 | 0.4559 | 0.6928 0.6 0.48 0.6 0.7402 | 0.7114 | 0.5621 0.6 0.5563 0.598
Set5 0.95 0.9372 0.95 0.95 0.95 0.855 0.9664 | 0.9539 0.95 0.9025 0.95 0.9025
Set 6 0.9747 | 0.9616 | 0.9747 | 0.9747 | 0.9025 0.95 0.9632 | 0.9805 | 0.9263 | 0.975 0.9261 0.975
Set7 0.8205 * 0.8046 0 0.4477 | 0.4167 | 0.8079 0.5 0.8237 0.5 0.8078 0.75
Set 8 * * * 0 0.8 0.8 0.4 0.2828 0.8 0.6 0.8 0.7
Set9 0.7071 0.6 0.7071 0.6 1 0.6 0.6708 0.6 0.9 0.6 0.9375 0.6
Set10 | 0.8601 | 0.9018 | 0.8429 | 0.9141 | 0.7101 | 0.9652 | 0.9283 | 0.9875 | 0.9119 | 0.9874 | 0.7149 | 0.9546
Set11l | 0.8464 | 0.9682 | 0.8356 | 0.9494 | 0.9686 | 0.8783 0.95 0.8862 | 0.9748 | 0.9494 | 0.9091 | 0.7415
Set 12 0.7 0.9283 0.7 0.9042 0.49 0.4304 | 0.7209 | 0.6215 | 0.595 | 0.5649 | 0.6382 | 0.4733
Set 13 * 0.9 0 0.9 0.8333 0.9 * 0.9322 0.75 0.9 0.875 0.9
Set14 | 0.9227 | 0.8279 | 0.8987 | 0.8513 | 0.7009 | 0.7009 | 0.9533 | 0.9031 | 0.855 | 0.8524 0.583 0.5562
Set15 | 0.8514 | 0.7843 | 0.8077 | 0.8053 | 0.8116 | 0.8116 | 0.8055 | 0.8055 0.9 0.8974 0.69 0.6582
Set16 | 0.8061 | 0.8367 | 0.7956 | 0.8367 | 0.7283 | 0.5667 | 0.8937 | 0.8605 | 0.9747 0.85 0.8708 0.925
Set17 | 0.9487 | 0.9413 | 0.9487 | 0.929 | 0.9667 | 0.4117 | 0.9744 | 0.9764 0.95 0.9747 0.975 0.919

Note: “ * ” means that the similarity measure cannot calculate the degree of similarity between two interval-valued fuzzy numbers.

s

means incorrect results

(6) In Set 9 of Figure 2, the interval-valued fuzzy numbers A

and B are not the same, because their shapes are different.
However, according to Table I, Chen and Chen’s method

[12] yields an incorrect result S ( A, B )= 1.

(7) In Set 11 of Flgure 2, the two mterval -valued fuzzy

numbers A and B have higher S|m|Iar|ty than the two

interval-valued fuzzy numbers A and €, because the
shapes of the latter two are more different than those of the
former two, and the relative distance between the latter
two is the same as that between the former two. However,
Table | indicates that the methods of Chen and Chen [6],
and Chen [8] vyield an mcorrect result that the two

interval-valued fuzzy numbers A and ¢ are more S|m|Iar

than the two interval-valued fuzzy numbers A and B

(8) In Set 12 of Flgure 2, the two interval-valued fuzzy

numbers A and B are more S|m|Iar than the two

interval-valued fuzzy numbers A and © , because the
shapes of the latter two differ more than those of the
former two, and the relative distance between the latter
two equals that between the former two. However, Table |
indicates that the methods of Chen and Chen [6], and Chen
[8] yield an mcorrect result that the two interval-valued

fuzzy numbers A and ¢ are more snmllar than the two

interval-valued fuzzy numbers A and B .

(9) In Set 13 of Table I, the degree of similarity S (A:\, §)

cannot be correctly determined using Chen and Chen’s
method [6] and Wei-and-Chen’ s method [21], because the

W= W=
denominators A" and B" in formula (7) would be zero,

*

X= X=
producing the incorrect results A" = and B" = w.
Furthermore, in Set 13 of Figure 2, the degree of similarity

S (A,B) is not zero. However, Table | indicates that
Chen’s method [8] yields the incorrect result S( A, C~) =0.

(10) In Set 14 of Figure 2, the degrees of similarity S( A, §)

and S(a,c) of the two sets of interval-valued fuzzy

numbers (A, 8) and (,¢) are different. However,
Table | indicates that Chen and Chen’s method [12]
yields the same degrees of

similarity for the two sets (A, 8 ) and (i,¢) of

interval-valued fuzzy numbers A, 8 and c.

(11) In Set 15 of Figure 2, the degrees of similarity S( A, B )

and S(a,¢) of the two sets of interval-valued fuzzy

numbers (/i, §) and (a,c) are different. However,
Table | indicates that the methods of Chen and Chen
[12], and Wei-and-Chen [21] yleld the same degrees of

similarity for the two sets (A B ) and (A,c) of

interval-valued fuzzy numbers a, B and ¢.

(12) In Set 16 of Figure 2, the two interval-valued fuzzy

numbers A and ¢ are more similar than the two
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interval-valued fuzzy numbers A and B , because the
shapes of the latter two differ more than those of the
former two, and the relative distance between the

interval-valued fuzzy number A is the same as that
between the interval-valued fuzzy number ¢ . However,
Table | shows that the methods of Chen and Chen [12],
and Wei and Chen [21] and Chen [10] yield an incorrect
result that the two interval-valued fuzzy numbers A
and & are more similar than the two interval-valued

fuzzy numbers A and ¢ .
(13) In Set 17 of Figure 2, the two interval-valued fuzzy

numbers A and B are more similar than the two

interval-valued fuzzy numbers A and ¢, because the
shapes of the latter two differ more than those of the
former two, and the relative distance between the

interval-valued fuzzy number A is the same as that

between the interval-valued fuzzy number g .However,
Table I shows that the methods of Wei and Chen [21] and
Chen [10] yield an incorrect result that the two

interval-valued fuzzy numbers A and ¢ are more similar
than the two interval-valued fuzzy numbers A and 5 .

Table | and Figure 2 clearly indicate that the proposed
similarity measure overcomes the drawbacks of the existing
methods.

V. CONCLUSION

This study presents a new approach for calculating
similarity measure between interval-valued trapezoidal fuzzy
numbers. Some properties of the proposed similarity measure
were demonstrated, and 17 sets of generalized fuzzy numbers
were adopted to compare the proposed similarity measure
with five existing similarity measures. Table I indicate that the
proposed similarity measure overcomes the drawbacks of the
existing similarity measures. The proposed similarity measure
provides a useful way to calculate the degree of similarity
between internal-valued trapezoidal fuzzy numbers.
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